Analytic solution for MHD flow of a third order fluid in a porous channel  by Hayat, T. et al.
Journal of Computational and Applied Mathematics 214 (2008) 572–582
www.elsevier.com/locate/cam
Analytic solution for MHD ﬂow of a third order ﬂuid
in a porous channel
T. Hayata, Naveed Ahmeda, M. Sajidb,∗
aDepartment of Mathematics, Quaid-i-Azam University 45320, Islamabad 44000, Pakistan
bTheoretical Plasma Physics Division, PINSTECH, P.O. Nilore, Islamabad 44000, Pakistan
Received 17 August 2006; received in revised form 24 December 2006
Abstract
The present study investigates the channel ﬂow of a third order ﬂuid. The ﬂuid is electrically conducting in the presence of a
magnetic ﬁeld applied transversely to the porous walls of a channel. Expression for velocity is developed by an analytic method,
namely the homotopy analysis method (HAM). Convergence of the obtained solution is properly checked. The feature of the analytic
solution as function of the physical parameters of the problem are discussed with the help of graphs. It is observed that unlike the
ﬂow of second grade ﬂuid, the obtained solution for a third order ﬂuid is non-similar. Also, the behavior of Hartmann number on
the velocity is different to that of the Reynold’s number.
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1. Introduction
The ﬂow problem in porous tubes/channels receivedmuch attention in recent years because of its various applications
in biomedical engineering, for example in the dialysis of blood in artiﬁcial kidney, in the ﬂow of blood in the capillaries,
in the ﬂow in blood oxygenators, as well as in many other engineering areas such as the design of ﬁlters, the general
porous pipe design, in transpiration cooling boundary layer control and gaseous diffusion. In boundary layer control,
the decelerated ﬂuid particles in the boundary layer are removed through slits in the wall into the interior of the body.
Separation can be prevented through sufﬁciently strong suction.Alternatively, separation can be prevented by supplying
additional energy to the ﬂuid particles which are being retarded in the boundary layer. Also in separating U235 from
U238 by gaseous diffusion, the uranium is ﬁrst converted to the gas UF6. By pressure gradient, the gas is then forced
through a porous wall. The difference in the molecular weights causes differences in the rates of diffusion through
the porous material. Furthermore, the blowing is used to add reactants, prevent corrosion and reduce drag. However
suction is helpful to remove reactants in chemical processes. Extensive work is available for the ﬂow of a Newtonian
ﬂuid in a porous channel. However, Choi et al. [5] made an interesting, study for the hydrodynamic Maxwell ﬂuid in a
porous channel.
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The magnetohydrodynamic (MHD) ﬂow between parallel plates is a classical problem that occurs in MHD power
generators,MHDpumps, accelerators, aerodynamic heating, electrostatic precipitation, polymer technology, petroleum
industry, puriﬁcation of crude oil and ﬂuid droplets and sprays. Especially the ﬂow of non-Newtonian ﬂuids in channels
are encountered in various engineering applications. For example, injection molding of plastic parts involves the ﬂow
of polymers inside channels. During the last few years the industrial importance of non-Newtonian ﬂuids in widely
known. Such ﬂuids in the presence of a magnetic ﬁeld have applications in the electromagnetic propulsion, the ﬂow of
nuclear fuel slurries and the ﬂows of liquid state metals and alloys. Sarparkaya [32] presented the ﬁrst study for MHD
Bingham plastic and power law ﬂuids.
Due to non-linear dependence, the analysis of the behavior of non-Newtonian ﬂuids presents exciting challenges to
engineers, mathematicians and physicists alike. The equations which govern the ﬂow of non-Newtonian ﬂuids are of
higher order [27,28], much more complicated and subtle in comparison with that of Newtonian ﬂuids. But there is not
a single constitutive equation which can describe the ﬂow behavior of all the non-Newtonian ﬂuids. Because of the
complex microstructure of ﬂuids, various models have been proposed to predict the non-Newtonian behavior. Several
investigators [26,6–9,33,34,4,19,36,18] are now engaged in getting the solutions under different physical aspects.
One class of non-Newtonian ﬂuids which has gained considerable attention in recent years is the differential type.
Among these ﬂuids one special subclass for which one can reasonably hope to obtain an analytic solution is the second
grade ﬂuid. Although the second grade ﬂuid model for steady ﬂow is able to show the normal stress effects but it does
not take into account the shear thinning or shear thickening phenomena that many ﬂuids show. The third grade ﬂuid
model represents a further, although inclusive, attempt toward a more comprehensive description of the behavior of
non-Newtonian ﬂuids. Keeping this importance of third grade ﬂuid, our concern in this paper is to investigate the MHD
boundary layer ﬂow in a porous channel. The rest of the article is divided into six sections. In Section 2, the problem
is formulated and various kind of rheological parameters are noted. In Section 3, the solution of non-linear problem
is constructed by homotopy analysis method (HAM) [22,24]. The HAM is newly developed powerful technique and
has already been successfully applied to several non-linear problems [25,37,21,35,23,2,12,1,31,13,17,14–16,38,39].
In Section 4, the convergence of the HAM solution is outlined. In Section 5, the graphical results are included. Section
6 contains the ﬁnal remarks.
2. Problem statement and mathematical formulation
We consider the MHD ﬂow of an incompressible third grade ﬂuid in a porous channel. The x-axis is taken along the
center line of the channel and y-axis is transverse to it. The ﬂow is symmetric about both the axes. The porous walls
of the channel are at y = H/2 and y = −H/2 (H is the width of the channel). The ﬂuid injection or extraction takes
place through the porous walls with velocity V/2. Here V > 0 corresponds to suction and V < 0 holds for injection.
The schematic diagram of the ﬂow problem is presented in Fig. 1.
Let u and v be the velocity components along x- and y-axis, respectively, and B0 is the applied magnetic ﬁeld. The
electric ﬁeld is assumed to be zero. For third order ﬂuid the constitutive equation for Cauchy stress tensor T is
T = −pI + A1 + 1A2 + 2A21 + S, (1)
S = 1A2 + 2(A1A2 + A2A1) + 3(trA21)A1,
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Fig. 1. Schematic diagram of the porous surface channel.
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in which p is the pressure, I the identity tenser,  the dynamic viscosity, i (=1, 2) and j (j = 1 to 3) the material
constants. The Rivlin–Ericksen tensors are deﬁned by
An = dAn−1dt + An−1(gradeV) + (gradeV)
TAn−1, n1, (2)
where d/dt is the material differentiation and A0 = I. For two-dimensional ﬂow, the velocity ﬁeld is speciﬁed by the
equation
V = (u(x, y), v(x, y), 0). (3)
The governing equations for a third grade, electrically conducting incompressible ﬂuid in the presence of a uniform
magnetic ﬁeld are expressed as follows:
u
x
+ v
y
= 0, (4)
u
u
x
+ v u
y
= 
2u
y2
+ 1

[
u
3u
xy2
+ u
x
2u
y2
− 3u
y
2u
xy
+ v 
3u
y3
]
− 22

u
y
2u
xy
+ 6(2 + 3)

[(
u
y
)
2u
y2
]
− B
2
0

u, (5)
in which  is density, p is pressure,  is kinematic viscosity, 1, 2, 3 are material moduli, J is the current density
and total magnetic ﬁeld B = B0 + b, B is the induced magnetic ﬁeld. The last term on the right-hand side of Eq. (5) is
the pondermotive force Fpond on the conducting ﬂuid due to the interaction of J and B. The Eqs. (4) and (5) are to be
coupled with Maxwell’s equations together with Ohm’s law (neglecting displacement and Hall currents)
∇ · B = 0, ∇× B = eJ, ∇× E = −
B
t
, (6)
J = (−∇1 + V × B), (7)
where E(= − ∇1) and e denote, respectively, the electric ﬁeld and the magnetic permeability (assumed constant)
and  is the ﬂuid electrical conductivity (assumed ﬁnite). Here we have neglected the induced magnetic ﬁeld. This is a
valid assumption for small magnetic Reynold number. Additionally the electric ﬁeld due to polarization of charges is
also negligible. For electrically insulated disk the electric potential 1 is constant thus giving
E = 0.
This point can be further elaborated as follows:
The divergence of Eq. (7) gives
∇21 =∇ · (V × B) = B · (∇× V). (8)
The conservation of electric charges ∇ · J = 0 gives Jz= constant and for non-conducting channel Jz would be equal
to zero. This together with Eq. (7) yields
1
z
= (V × B) · ez. (9)
Since B = B0ez, the right-hand side of Eq. (9) vanishes and we get 1/z = 0. Thus the potential does not enter
the analysis gives E = 0. This condition has been extensively used in literature, for example see Refs. [11,3,20]. The
electromagnetic force is given by
Fpond = 1

J × B = 

(V × B) × B = −nV, (10)
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in which
n = 

B0. (11)
Governing Eqs. (4) and (5) are subjected to the following conditions:
u
y
= v = 0 at y = 0,
u = 0, v = V/2 at y = H/2. (12)
Introducing the dimensionless variables
x∗ = x
H
, y∗ = y
H
, u = −V x∗f ′(y∗), v = Vf (y∗), (13)
we ﬁnd that Eq. (5) is identically satisﬁed. Using Eq. (7) into Eqs. (4) and (6) we get
f ′′′ − M2f ′ + Re(f ′2 − ff ′′) − 	1(2f ′f ′′′ − ff iv) − (3	1 + 2	2)f ′′2 + 6f ′′2f ′′′ = 0, (14)
f = 0, f ′′ = 0 at y = 0,
f = 0, f ′ = 0 at y = 12 , (15)
where the Hartman number M2 = B20H 2/, the Reynold number Re = HV /, 	1 = 1V/H, 	2 = 2V/H and
= ((2 + 3)V 2/H 2)x∗2.
3. Series solution of the ﬂow problem
For HAM solution of Eqs. (14) and (15) we choose the initial guess f0 and the linear operatorL as
f0(y) = y( 32 − 2y2), (16)
L[f ] = f iv , (17)
with the property
L[C1y3 + C2y2 + C3y + C4] = 0, (18)
where Ci (i = 1 to 4) are arbitrary constants. The zeroth order deformation problem is
(1 − p)L[f̂ (y, p) − f0(y)] = ph¯N[f̂ (y, p)], (19)
f̂ (0, p) = 0, f̂ ′′(0, p) = 0, f̂ ( 12 , p) = 12 , f̂ ( 12 , p) = 0, (20)
in which we deﬁne a non-linear differential operator
N[f̂ (y, p)] = 
3f̂ (y, p)
y3
− M2 f̂ (y, p)
y
+ Re
(
f̂ (y, p)
y
f̂ (y, p)
y
− f̂ (y, p)
2f̂ (y, p)
y2
)
− (3	1 + 2	2)
(
2f̂ (y, p)
y2
)2
+ 6
⎡⎣(2f̂ (y, p)
y2
)2
3f̂ (y, p)
y3
⎤⎦
. (21)
Here p ∈ [[0, 1] is the embedding parameter and h¯ = 0 is a auxiliary parameter. It should be pointed out that one has
great freedom to choose auxiliary things in HAM. For p = 0 and p = 1 we have
f̂ (y, 0) = f0(y), f̂ (y, 1) = f (y). (22)
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Thus as p increases from 0 to 1, f̂ (y, p) varies from the initial guess f0(y) to the solution f (y). Expanding f̂ (y, p)
in Taylor series, one obtains the solution
f̂ (y, p) = f0(y) +
∞∑
m=1
fm(y)p
m
, (23)
where
fm(y) = 1
m!
mf̂ (y, p)
ym
∣∣∣∣∣
p=0
. (24)
Assume that h¯ is so properly chosen that the series (23) is convergent at p = 1. Thus using (23) we obtain
f (y) = f0(y) +
∞∑
m=1
fm(y). (25)
Differentiating m times the zeroth order deformation Eq. (18) with respect to p, then dividing by m! and ﬁnally setting
p = 0 we have the mth-order deformation equation
L[fm(y) − 
mfm−1(y)] = h¯Rm(y), (26)
subjected to the conditions
fm(0) = f ′′m(0) = fm( 12 ) = f ′m( 12 ) = 0, (27)
in which
Rm(y) = f ′′′m−1 − M2f ′m−1 +
m−1∑
k=1
⎡⎢⎢⎢⎣
Re(f ′m−1−kf ′k − fm−1−kfk)
−	1(2fm−1−kf ′′′k − fm−1−kf ivk )
−(2	1 + 3	2)f ′′m−1−kf ′′k + 6f ′′m−1−k
k∑
l=1
{f ′′k−lf ′′′l }
⎤⎥⎥⎥⎦ (28)
and

m =
{ 0, m1,
1, m> 1.
(29)
The solution of Eqs. (26) and (27) up to the ﬁrst few order of approximations is obtained through Mathematica. It is of
the following form:
fm(y) =
6m+3∑
n=0
am,ny
n
, (30)
in which the coefﬁcient am,n of fm(y) for m1, 0n6m + 3 are
am,0 = 
m
6m+2am−1,0, (31)
am,1 = 
m
6m+1am−1,1 +
6m+3∑
n=0
m,n
(n + 2)(n + 3)(n + 4)2n+4 , (32)
am,2 = 
m
6mam−1,2, (33)
am,3 = 
m
6m−1am−1,3 −
6m+3∑
n=0
m,n
(n + 1)(n + 2)(n + 4)2n+2 (34)
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Fig. 2. h¯-curve is plotted for 20th-order approximation.
am,n = 
m
6m−nam−1,n +
6m+3∑
n=0
m,n−4
n(n − 1)(n − 2)(n − 3)2n+2 , n3, (35)
m,n = h¯
⎡⎣ 
6m−n+2(dm−1,n − M2bm−1,n)
+
6m−n+2
{
Re(m,n − m,n) − 	1(2m,n − m,n)
+(3	1 + 2	2)m,n + 6m,n
}⎤⎦ , (36)
m,n =
m−1∑
k=0
⎡⎣ min{n,6k+3}∑
j=max{0,n−6m+6k+3}
bm−1−k,n−j bk,j
⎤⎦ , (37)
m,n =
m−1∑
k=0
⎡⎣ min{n,6k+3}∑
j=max{0,n−6m+6k+3}
am−1−k,n−j ck,j
⎤⎦ , (38)
m,n =
m−1∑
k=0
⎡⎣ min{n,6k+3}∑
j=max{0,n−6m+6k+3}
am−1−k,n−j dk,j
⎤⎦ , (39)
m,n =
m−1∑
k=0
⎡⎣ min{n,6k+3}∑
j=max{0,n−6m+6k+3}
cm−1−k,n−j ck,j
⎤⎦ , (40)
m,n =
m−1∑
k=0
⎡⎣ min{n,6k+3}∑
j=max{0,n−6m+6k+3}
am−1−k,n−j ek,j
⎤⎦ , (41)
m,n =
m−1∑
k=0
k∑
l=0
min{n,6k+6}∑
p=max{0,n−6m+6k+3}
min{p,6l+3}∑
j=max{0,p−6k−6l+3}
cm−1−k,n−pck−l,p−j dl,j , (42)
where
bm,n = (n + 1)am,n+1, cm,n = (n + 1)bm,n+1,
dm,n = (n + 1)cm,n+1, em,n = (n + 1)dm,n+1. (43)
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Fig. 3. (a) Variation of f for different values of Reynold number Re; (b) variation of f ′ for different values of Reynold number Re.
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Fig. 4. (a) Variation of f for different values of ; (b) variation of f ′ for different values of .
For the detailed procedure of deriving the above relations the reader is referred to [21]. Using the above recurrence
formulas, we calculate all coefﬁcients am,n using only the ﬁrst four
a0,0 = 0, a0,1 = 32 , a0,2 = 0, a0,3 = −2 (44)
given through the initial guess approximation in Eq. (16). The explicit totally analytic solution is
f (y) =
∞∑
m=0
fm(y) = lim
M→∞
[6M+3∑
n=1
( 6M+2∑
m=n−1
am,ny
n
)]
. (45)
4. Convergence of the analytical solution
The analytical solution represented by Eq. (45) contains the auxiliary parameter h¯, which gives the convergence
region and rate of approximation for the homotopy analysis method [22]. In Fig. 2 the h¯-curve is plotted for 20th-order
approximation. It is clear from Fig. 2 that the range for the admissible values for h¯ is −0.9 h¯ − 0.4. The series
converges in the whole region of y when h¯ = −0.7.
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5. Results and discussion
In this section our interest lies in describing the inﬂuence of Reynold number Re, Hartman number M and dimen-
sionless material parameters of the second grade and third order ﬂuids on the velocity components. We will discuss
these for suction and injection in the next two subsections, respectively.
5.1. Suction ﬂow (Re> 0)
The graph for the function f ′(y) which corresponds to the velocity component u and f (y) which corresponds to
velocity component v are plotted against y for different values of the parametersRe, 	1, 	2, and. It is worth pointing out
that numerical values of have been used in all the graphs. Such scheme has already been used by various investigators
for the non-similar solutions in different problems. Mention maymade to some useful Refs. [10,29,30] in this direction.
Figs. 3(a) and (b) show the effect of suction velocity Re on the velocity components f and f ′, respectively, when
M = 0. Fig. 3(a) depicts that velocity f decreases by increasing Re. Fig. 3(b) indicates that there is decrease in f ′
initially but after y = 0.2 it starts increasing. Moreover, the boundary layer thickness decreases for y0.2. This is in
keeping with the fact that suction causes reduction in the boundary layer thickness.
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The variation of  on f and f ′ is plotted in Figs. 4(a) and (b). Fig. 4(a) elucidates that the velocity f increases by
increasing . Fig. 4(b) explains that f ′ is increasing initially and then it starts decreasing after y = 0.25. The boundary
layer thickness in Fig. 4(b) decreases for y0 and increases for y0. The variation of M on f and f ′ is plotted in
Figs. 5(a) and (b). It is noted that the behavior of M on f and f ′ is similar to that of  i.e., an increase of the magnetic
ﬁeld has the same inﬂuence on the ﬂow ﬁeld as of increased viscoelastic parameter. These effects may be expected,
because under the conditions considered the viscoelastic effects due to  provide a resistance to the ﬂow after y = 0.2
whereas it supports the ﬂow before y = 0.2. In order to see the effects of 	1 and 	2 on f and f ′, the Figs. 6(a) and
(b) have been made. Fig. 6(a) shows that f decreases for different values of 	1 and 	2. However, Fig. 6(b) indicates that
f decreases initially but after y = 0.2 it increases.
5.2. Injection ﬂow (Re< 0)
The Figs. 7–10 are plotted for different values of the parameter Re,  M , 	1, and 	2 in the case of injection.
Figs. 7(a) and (b) indicate the effect of Re on the velocity component f and f ′. These shows the same effect as in the
case of suction. Fig. 8(b) shows that f ′ is increasing initially and then it starts decreasing after y = 0.25. The inﬂuence
of all other parameters on the velocity components are quite similar to that as in suction ﬂow case and presented in
Figs. 8–10.
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Fig. 10. (a) Variation of f for different values of 	1 and 	2; (b) variation of f ′ for different values of 	1 and 	2.
6. Final remarks
In this study, the ﬂowﬁeld of a third orderMHDﬂuid is analytically calculated. The effects of the pertinent parameters
such as Re, M, 	1, 	2 and  on the ﬂow are investigated using HAM. The convergence region for the solution of highly
non-linear problem is determined. By solving the highly non-linear differential equation of a third order ﬂuid, we
demonstrated the usefulness and the effectiveness of HAM to a class of differential equations in non-Newtonian ﬂuid
mechanics.
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